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Lebesgue $L^{p}(\Omega)$ $p$ $L^{\infty}(\Omega)$ $\Omega$
Sobolev $W^{k,p}(\Omega)$ $k$ $p$
$f \in L^{p}(\Omega)(\frac{n}{2}<p<\infty)$
$u$ $u\in W^{2,p}(\Omega)$ (cf. Gilbarg-Trudinger [14]).
Laplacian $L^{p}(\Omega)$
$p> \frac{n}{2}$ Sobolev $u$ H\"older
$f$ $L^{\frac{n}{2}}(\Omega)$ $W^{2,\frac{n}{2}}(\Omega)$
Sobolev
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$p= \frac{n}{2}$ Sobolev








$\{\begin{array}{l}-\triangle u=f in \Omega\subset \mathbb{R}^{2},u=0 on \partial\Omega.\end{array}$ (1.2)







$BMO$ (Bounded Mean Oscillation)
$[u]_{BMO}\leq C\Vert f\Vert_{L^{1}}$ (1.4)
$[u]_{BMO}:= \sup_{B;bal1\subset\Omega}\frac{1}{|B|}\int_{B}|u(x)-u_{B}|dx, u_{B}:=\frac{1}{|B|}\int_{B}u(x)dx$ (1.5)
$\frac{1}{|B|}\int_{B}|u(x)-u_{B}|dx$





1.1 (John-Nirenberg [19]). $u\in BMO$ : $C_{1},$ $C_{2}>0$
$B\subset\Omega$ $\lambda>0$
$|\{x\in B;|u(x)-u_{B}|>\lambda\}|\leq C_{1}\exp(-C_{2}\lambda/[u]_{BMO})|B|$
John-Nirenberg $u\in BMO$ $u$


















$f^{\#}$ Lorentz-Zygmund $L(\log L)^{p}(\Omega)$
$0\leq p<\infty$
$L( \log L)^{p}(\Omega):=\{f\in L^{1}(\Omega);\Vert f\Vert_{L(\log L)^{p}}:=\int_{B_{R}}(\log\frac{R^{2}}{|x|^{2}})^{p}f^{\#}(x)dx<\infty\}.$
Orlicz $p\geq 1$
$\exp L^{p}(\Omega);=\{u\in L_{1oc}^{1}(\Omega);\Vert u\Vert_{\exp L^{p}(\Omega)}<\infty\}.$
$\Vert\cdot\Vert_{\exp L^{p}(\Omega)}$ Luxoemburg
$\Vert u\Vert_{\exp Lp(\Omega)} :=\inf\{\alpha>0;\int_{\Omega}\{\exp(\frac{|u(x)|}{\alpha})^{p}-1\}dx\leq 1\}$ . (1.6)
Orlicz [1, 6]
Passarelli di Napoli-Sbordone [26]
1.3 ([26, 16]). $f$ $L(\log L)^{p}(\Omega),$ $0<p\leq 1$ $u$
(1.2) $C>0$
$\Vert u\Vert_{\exp L^{T^{\llcorner}}(\Omega)}-p\leq C\Vert f\Vert_{L(\log L)^{p}(\Omega)}$ (1.7)
$p=1$
$\Vert u\Vert_{L^{\infty}(\Omega)}\leq C\Vert f\Vert_{L(\log L)^{1}(\Omega)}$
Alberico-Ferone [2]
Lorentz Trom-
betti [28] Aguilar-Peral [3] Brezis-
Merle $n$ $n$-Laplace
Boccardo-Peral-Vazquez [7], $I$ . [16] $n$-Laplace




$T>0$ $L^{q}(0, T;L^{p}(\Omega))(1<p, q<\infty)$
$\Vert u_{t}\Vert_{L^{q}(0,T;L^{p}(\Omega))}+\Vert D^{2}u\Vert_{L^{q}(0,T;L^{p}(\Omega))}\leq C\Vert f\Vert_{L^{q}(0,T;L^{p}(\Omega))}$ (1.8)
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(1.8) (1.1) (
) (cf. [20]). $p=1$





1.4 ([15, 24]). $f\in L^{\infty}(0, T;L^{1}(\Omega))$ $u$ (1.1)
$0\leq\alpha<4\pi$ $C>0$




1.5 ([17]). $p,$ $q$ $1<q\leq\infty,$ $0\leq p\leq 1$ $f\in L^{q}(0, T;L(\log L)^{p}(\Omega))$
$u$ (1.1)
(1) $1<q<\infty,$ $0<p<1$ , $u$ $L^{q}(;\exp(\Omega))$
$C=C(p, q)>0$
$\Vert u\Vert_{L^{q}((\Omega))}0,\tau_{;\exp L}\neq_{-\overline{p}}\leq C\Vert f\Vert_{L^{q}(0,T;L(\log L)^{p}(\Omega))}$ (1. 10)
(2) $q=\infty,$ $0\leq P<1$ $u$ $L^{\infty}(0, T;\exp L^{1/(1-p)}(\Omega))$
$C=C(p)>0$
$\Vert u\Vert_{L^{\infty}(0,T;\exp L^{I^{\frac{1}{-p}}}(\Omega))}\leq C\Vert f\Vert_{L^{\infty}(0,T;L(\log L)^{p}(\Omega))}$
(3) $1\leq q\leq\infty,$ $p=1$ $u$ $L^{q}(0, T;L^{\infty}(\Omega))$ $C=C(q)>0$





1.5.2. $f\in L^{q}(0, T;L(\log L)^{p}(\Omega))$
Sobolev Yao
[29] Orlicz 1.5
$L^{q}(0, T;L(\log L)^{p}(\Omega))$ Banach
$f\in L^{1}(0, T;U(\Omega))$
1.5 $q=1$ Ogawa-Shimizu [25] Besov










(3) $B_{R}$ $\Omega$ $R$
$\phi$
$\int_{\Omega}\phi(f(x))dx=\int_{B_{R}}\phi(f^{\#}(x))dx$








2.2 ([6]). $BMO$ $W$ $B_{R}$ $|B_{R}|=|\Omega|$
$R$
$W( \Omega) :=\{f\in L^{1}(\Omega);[f]_{W} :=\sup_{0<r<R}(f^{\#\#}(r)-f^{\#}(r))<\infty\}$ . (2.1)
$W$ John-Nirenberg
2.3. $\Omega\subset \mathbb{R}^{n}$ $f\in W$ $0<\alpha<1/[f]_{W}$
$\int_{\Omega}\exp\alpha|f(x)|dx<\infty$























2.4 $W$ Bennett-Sharpley [6]
3
$W$
3.1. $f\in L^{\infty}(0, T;L^{1}(\Omega))$ $\tilde{u}$







3.2 $([5, 23|)$ . $f\in L^{2}((0, T)\cross\Omega)$ $u$ $\tilde{u}$
$\{\begin{array}{l}u_{t}-\triangle u=f in (0, T)\cross\Omega,u=0 on (0, T)\cross\partial\Omega,u=0 in \{t=0\}\cross\Omega,\end{array}$ (3.2)
$\{\begin{array}{ll}\tilde{u}_{t}-\triangle\tilde{u}=f^{\#} in (0, T)\cross B_{R},\tilde{u}=0 on (0, T)\cross\partial B_{R},\tilde{u}=0 in \{t=0\}\cross B_{R},\end{array}$ (3.3)
$u^{\#\#}(t, x)\leq\tilde{u}^{\#\#}(t, x)$ for all $(t, x)\in[0, T]\cross B_{R}$ . (3.4)
Talenti [27]








$\int_{\Omega}\exp(\frac{\alpha|\tilde{u}(,x)|}{\Vert f\Vert_{L^{\infty}(0T;L^{1}(\Omega))}})dx\leq C\int_{0}^{R}re^{\frac{\alpha}{4\pi}\log(\frac{CR}{r})_{dr}^{2}}\leq C’|\Omega|$
3.2 $u$
$L^{\infty}(0, T;L^{1}(\Omega))$ 3.2 $k\in \mathbb{N}$







$\tilde{u}_{t}^{\#}-\frac{(r\tilde{u}_{r}\#)_{r}}{r}=f^{\#}$ $in$ $(0, R)$ (3.5)
$(0, r)$ $\frac{2}{r^{2}}$
$\tilde{u}_{t}^{\#}$ $\tilde{u}_{t}^{\#\#}$
$\tilde{u}_{t}^{\#\#}-\frac{2\tilde{u}_{r}\#}{r}=f^{\#\#}$ in $(0, R)$ (3.6)
(3.5) (3.6)


















$w_{t}-( \frac{5}{r}w_{r}+w_{rr})=\frac{f^{\#\#}-f^{\#}}{r^{2}}$ , in $r\in(0, R)$ ,
$( \frac{5}{r}w_{r}+w_{rr})$
6 Laplacian
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